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Abstract 

Using the ofF-shell formulation for general J\f = 2 supergravity-matter sys- 
tems developed in arXiv:0905.0063, we propose a construction to generate a 
restricted chiral superfield from any real weight-zero projective multiplet C 
One can choose C to be composed of tensor multiplets, 0{2n) multiplets, with 
n = 2, 3, . . . , and polar hypermultiplets. In conjunction with the standard pro- 
cedure to induce aN'=2 linear multiplet from any chiral weight-one scalar, we 
obtain a powerful mechanism to generate higher-derivative couplings in super- 
gravity. In the case that C is a homogeneous function of n tensor multiplets of 
degree zero, we show that our construction is equivalent to that developed by 
de Wit and Saueressig in arXiv:hep-th/0606148 using the component supercon- 
formal tensor calculus. We also work out nontrivial examples with C composed 
of 0{2n) and tensor multiplets. 
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1 Introduction 



Recently, an off-shell formulation for general Af = 2 supergravity-matter couplings 
in four space-time dimensions has been constructed [H [21 [3]. It is a curved-space 
extension of the superconformal projective multiplets and their couplings [4j in 4D 
Af = 2 projective superspace [HlEllTj. In the present paper, we will demonstrate that 
the methods developed in [H [2l [3] and closely related works [H [9] allow us to generate 
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new off-shell higher-derivative couplings in A/" = 2 supergravity, a problem which has 
been of some interest recently [TOj [11] . 

The construction we pursue in this paper is based on a duality between two basic 
off-shell representations oi M = 2 supersymmetry - the vector multiplet and the 
tensor multiplet p3]. The vector multiplet can be described in curved superspace by 
its covariantly chiral field strength W subject to the Bianchi identitjil] [121 E] 

VfW = , E^^' := i (v^^'Vl^ + 4S'^^ ^ = \ + 4^^^) W , (1.1) 

where S'^^ and 5**-' are special dimension-1 components of the torsion. The superfield 
E*-' is real, Sjj := (S*-')* = eikSji'E^'', and obeys the constraints 



These constraints are characteristic of the Af = 2 linear multiplet \15\ [T6] 

There are several ways to realize as a gauge invariant field strength. One 
possibility is to introduce a curved-superspace extension of Mezincescu's prepotential 
[T9] (see also [20]), Vij = Vji, which is an unconstrained real SU(2) triplet. The 
expression for W in terms of Vij is 

W = ^A (V'^ + 4S'^^ Vij , (1.3) 



where A is the chiral projection operator f lB.4p . Within the projective-superspace 



approach of [H [21 [3] , the constraints on W can be solved in terms of a real weight- 
zero tropical prepotential K(f*). The solution [8] is 

W = v'dvi {{V-f + 45—) V{v) , (1.4) 

p+\/ = p+y = 0, V{cv') = V{v') , V = V. 

Here v"^ G C^\{0} denote homogeneous coordinates for CP^, and the contour integral 
is carried out around the origin in CP^; see Appendix C for our isotwistor notation 



^Such a superfield is often called reduced chiral. 

^Our curved-superspace conventions follow Ref. [3 . In particular, we use Howe's superspace 
realization [TJ (see also [TH]) of A/" = 2 conformal supergravity in which the structure group is 
SL(2,C) X U(2). The relevant information about Howe's formulation is collected in Appendix [Xj 
In what follows, we will use the notation: V^i := and V^^ := Va^^V^''"- It should be 

noted that Howe's realization of A/" = 2 conformal supergravity [T3] is a simple extension of Grimm's 
formulation [T7] with the structure group SL(2, C) x SU(2). The precise relationship between these 
two formulations is spelled out in [3]. 
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and conventions, including the definition of tlie covariant derivatives and V^. We 
discuss tlie relations between these two formulations in Appendix [Ej 

In the rigid supersymmetric case, the representation fll.4p can be derived from a 
more general result in harmonic superspace pTl [22] 

= 1 y du V++ , (1.5) 

which is given in terms of an analytic prepotential V~^~^{uf ,u~) for the vector multi- 
plet [23]. Such a derivation makes use of the singular reduction procedure introduced 
in [21]. This has been carried out explicitly in five space-time dimensions [25]. Un- 
fortunately, a curved-superspace generalization of (11. 5p has not yet been found. 

The tensor (or linear) multiplet can be described in curved superspace by its 
gauge invariant field strength G*-^ which is defined to be a real SU(2) triplet (that is, 
Qtj _ Qji g^j^j Q.^ ._ (^Qvy = Q^.'^ subject to the covariant constraints [T5l 116] 

These constraints are solved in terms of a chiral prepotential ^ [201 EEl ETJ EH] via 

Qij = 1 (jyij + j ^ + ^ (^^^3 + 4^ii j ^ ^ -pi,^ = , (1.7) 

which is invariant under shifts \1' — \I' + iA, with A a reduced chiral superfield. 
Associated with G*-' is the real C(2) projective multiplet G++(f) := G^^ViVj [I1I21E]- 
The constraints (11.61) are equivalent to 

= = , V^:=v,Vl,, Vt:=v,Vi,. (1.8) 

The above properties of vector and tensor multiplets are related and complemen- 
tary. In fact, they can be used to generate linear multiplets from reduced chiral 
ones and vice versa. Consider a system of ny Abelian vector multiplets described 
by covariantly chiral field strengths Wi, I = 1, . . . ,nv- Let F{Wi) be a holomorphic 
homogeneous function of degree one, F{cWi) = cF{Wi). Then, we can define a 
composite linear multiplet 

Qij 1 f^^ij + 4^ii^ + 1 (^^ij + 4^u j p(iy^) _ (19) 

Using the algebra of the covariant derivatives, one can check that G^^ indeed obeys 
the constraints (II. 6p and that the construction is invariant under shifts of the form 

F{Wi) ^ F{Wi) + i rjWj , (1.10) 
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for real constants rj. Eq. (11. 9p is a standard construction to generate composite 
linear multiplets. Of course, the construction (II. 9p is a trivial application of (II. 7p . 

Conversely, we may take a system of nx tensor multiplets described by their field 
strengths G^, with A = l,...,nr, and let G\'^ := ViVjG^j^ be the corresponding 
covariant 0{2) multiplets. Let LlG^^) be a real homogeneous function of degree 
zero, L{cG\'^) = L(Gj^^), and thus L(Gjj^) is a covariant real weight-zero projective 
multiplet. Then, we can generate a composite reduced chiral multiplet defined by 

W = ^ v'dv, ((p-)2 + 4S—y{G++) . (1.11) 

The integration in (11.111) is carried over a closed contour C in \ {0}. Similarly 
to eq. (II. 4p . the right-hand side of (II. lip involves a constant isospinor Ui chosen to 
obey the constraint {v,u) := v'^Ui ^ 0, but otherwise is completely arbitrary. Using 
the constraints 

P+L(G++) = ^+L(G++) = , (1.12) 

one can check that the right-hand side of (II. lip is invariant under arbitrary projective 
transformations of the form: 

{u\v') ^ {u\v')R, i?= °j gGL(2,C), (1.13) 

and the same property holds for the right-hand side of (11.41) . This invariance guaran- 
tees that (ll.4p and (11.111) are independent of the isospinor Uj. Of course, the reduced 
chiral construction (II. lip is a simple application of (II. 4p . 

The relation (II. lip is an example of applying our new construction to generate 
composite reduced chiral multiplets. This construction will be derived in the main 
body of the paper. A rigid supersymmetric version of (II. lip was described for a special 
case by Siegel twenty-five years ago [29]. More recently, it has been rediscovered and 
fully elaborated by de Wit and Saueressig [30] in a component approach using the 
superconformal tensor calculus to couple it to conformal supergravity, but without a 
contour-integral representation. 

This paper is organized as follows. In section 2 our main construction, eq. (12. lip , 
is derived. As a simple application, in section 3 we consider the improved tensor 
multiplet. We also analyse imphcations of fixing the super- Weyl gauge freedom with 
a tensor multiplet. Section 4 is devoted to a general system of self-interacting ten- 
sor multiplet. We demonstrate that our superfield construction makes it possible to 
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re-derive, in a simple way, the key results of [30] obtained originally within the su- 
perconformal tensor calculus. In section 5 we show how to construct reduced chiral 
multiplets out of 0{2n) multiplets. In section 6 we discuss the new higher-derivative 
couplings and some other implications of our approach. The main body of the paper 
is accompanied by five technical appendices. In appendix A we give a summary of 
the superspace geometry for M = 2 conformal supergravity introduced originally in 
[14] and elaborated in |3]. Appendix B describes the properties of the Af = 2 chiral 
projection operator. Appendix C contains our isotwistor notation and conventions 
for projective superspace. In Appendix D we describe manifestly SU(2)-covariant 
techniques to evaluate contour integrals in CP^. Finally, Appendix E is devoted to 
two prepotential formulations for the Af = 2 vector multiplet. 



2 Main construction 

Within the formulation for M = 2 supergravity-matter systems developed in [3] , 
the matter fields are described in terms of covariant projective multiplets. In addition 
to the local Af = 2 superspace coordinates z^'^ = (x*", 6^^ , ^^), such a supermultiplet, 
Q''"'\z,v), depends on auxiliary isotwistor variables f * G \ {0}, with respect to 
which Q'-"'' is holomorphic and homogeneous, Q^'^\cv) = c"Q*^"^(f), on an open 
domain of \ {0}. The integer parameter n is called the weig ht of In other 

words, such superfields are intrinsically defined in CP^. The covariant projective 
supermultiplets are required to be annihilated by half of the supercharges, 

D+QW = ^+Q(") = , Vi:=v,Vl, Vl:=v,'Dl, (2.1) 

with Va = {T>a,T>l^,'D°') the covariant superspace derivatives. The dynamics of 
supergravity-matter systems are described by locally supersymmetric actions of the 
form |3]: 

S{C^^) = ^f^^'^^ij d^xd^gd^gE ^^y ' = Ber(i5;A*') , (2.2) 

with S++(f) := S'-'fjfj. Here the Lagrangian £^^^(2;, f) is a covariant real projective 
multiplet of weight two. The vector multiplet W is used as a supergravity compen- 
sator and E*-' is defined as in (11. ip . As shown in [9], the action (12. 2p can be written 
as an integral over the chiral subspace 

5(i:++) = j d^xd'^esww , 

W = i- i" v'dv, [{V-y + AS-)y , V := ^ . (2.3) 
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It was also proved in [9] that W is a restricted chiral superfield. 

We now give an alternative chiral representation for the action fl2.2p in the case 
that C'^^ has the form 

C++ = G++C , (2.4) 
where G++ is a tensor multiplet, and £ is a real weight-zero projective multiplet, 

V+C = V+C = , C{cv') = C{y') , C = C. (2.5) 

Rewriting G++ in terms of its chiral potential ^ (11. 7p . 

G++{v) = ^({V+f + AS++^^ + ^({V+f + AS++^^ , Pi^ = 0. (2.6) 
one may rearrange (12.21) into the form 

S{G++C) = ^ i v'dvi [ d^xd^M^^E^^ + c.c. (2.7) 

^TT Jc J ^ 

This can be reduced to a chiral integral by acting with the chiral projector A defined 
by eq. flB.4p (see p] for a detailed derivation) 

S{G++C) = — [ d^xd^e£A(f v'dvi^^ + c.c. (2.8) 



2n J Jc S++ 

Now, it only remains to make use of an important representation discovered in [9]. 
Specifically, given an arbitrary isotwistor superfield U^~'^\z,v) of weight —2 (see [T] 
for the definition of isotwistor supermultiplets), it was shown in [9J that 

A j v'dvi = v'dvi (^{V-f + AS—^ (^{V+f + 45++) f/(-2) . (2.9) 

Applying this representation to (12. 7p gives 

S{G++C) = J d'^xd^eS^HW + c.c. , (2.10) 

where we have introduced the following composite chiral superfield: 

W = — (( v'dviliV-f + 4:S-~)C , Pfw = 0. (2.11) 



Jc 

Because \& is defined only up to gauge transformations 

5^ = i A , VfA = (v^^V^) + AS'^^K - (Vo!^'V^'^^ + AS'^yk = , (2.12) 
the superfield W must indeed be reduced chiral, 

(x>^(iX>l^ + AS'^^W = (V^^'&^'^ + AS'^^W . (2.13) 
We present a more direct proof of this result in Appendix [El 



3 The improved tensor multiplet 



The improved M = 2 tensor multiplet [311 ES] is a unique theory of the M = 2 
tensor multiplet which is superconformal in the rigid supersymmetric case, and super- 
Weyl invariant in the presence of conformal supergravity. This theory is a natural 
generalization of the improved M = 1 tensor multiplet |33j. It occurs as a second 
compensator in the minimal formulation of A/" = 2 Poincare supergravity proposed by 
de Wit, Philippe and Van Proeyen [31]. Within the projective-superspace formulation 
for A/" = 2 supergravity [H El [3] , the Lagrangian for the tensor compensator is 

C++ = G++ In (G'++/iT+t+) , (3.1) 

see [2] for more details. Here T"*" is a weight-one arctic hypermultiplet, and T"*" 
its smile-conjugate. As shown in [21 [9], the superfields T"*" and are pure gauge 
degrees of freedom in the sense that they do not contribute to the tensor compensator 
action. Using the formulation (12.101) and (12. lip , the tensor compensator action can 
be rewritten chiral action of the form 

S = j dVd^^f W + c.c. , (3.2) 
where W denotes the following reduced chiral scalar 

W = ^ y v'dvi (^(p-y + 4^—) In (G++/iT+t+) . (3.3) 

It can be seen that the arctic multiplet T"*" and its conjugate T"*" do not contribute 
to the contour integral, and so they will be ignored below. Our goal in this section is 
to evaluate (13.30 as well as to study the properties of W. 

3.1 Evaluation of the contour integral 

We begin by evaluating the derivatives in (13. 3p : 

^^8^£"'*- (^- %t7^^ 4^--'^-) ■ (3.4) 

It follows from first principles that ( 13. 3p is invariant under the projective transfor- 
mations ( I1.13P and therefore independent of Ui. We wish to show explicitly that all 
of the M-dependence in the integrand (13. 4p can be eliminated using the properties of 
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the tensor multiplet. First, using the constraints (11. 6p and the (anti) commutation 
relations ( 1A.3b|) . one can show that 

-DIG^^ = \xl^ ^X>. , (3.5a) 

{V~fG+^ + 85— G++ - AS-+d—G++ = , (3.5b) 
where we have defined 

X"' := V'^G''' , (3.6a) 

M := {Vjk + l2Sjk) G^^ . (3.6b) 

Using these formulae, we rewrite W as 

The terms involving S explicitly in this expression can be rearranged into 

^ v'dv^ d - (45-+ log G++ - (3.8 



»7r Jc 

and so they vanish using integration by parts (see Appendix [D] for technical details). 
We are left with 

The contour integral in (13.91) can be evaluated in a manifestly SU(2) covariant 
way using the technique described in Appendix [Dl Making use of the result (]D.20|) 
leads to 

W = + -^x'x^Gii , (3.10) 

where 

G^ := ^G'^G.j . (3.11) 

This expression (up to normalizations) was discovered originally in [31] using the 
superconformal tensor calculus. It was later reconstructed in curved superspace [28] 
with the aid of the results in [31] and [29]. Its contour origin was explored in the 
globally supersymmetric case by Siegel p9]. Here we have derived it from superfield 
supergravity and shown its contour integral origin, eq. (13. 3p . for the first time. 
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A curious feature of the reduced chiral superfield fl3.10p is that it can be rewritten 
in a more elegant and compact form 

W=-|(A, + 4S,,)(^^) . (3.12) 

Its rigid supersymmetric version appeared in our recent work on A/" = 2 supercurrents 
[M] . It is a laborious task to check that this does indeed match fl3.10p in supergravity 
by straightforwardly applying the properties of the tensor multiplet. We will demon- 
strate the equivalence of (13.121) to (I3.10p via an indirect route, through the use of 
super-Weyl transformations [HI [3]. Using the representation (I3.12p . it is easy to 
show that the super-Weyl transformation law of W coincides with that of the vector 
multiplet field strength. 

3.2 Super-Weyl gauge fixing with a tensor multiplet 

Within Howe's formulation for A/" = 2 conformal supergravity the super-Weyl 
transformation law of the spinor covariant derivatives is 

6V'^ = ^aVi + 2{V""a)M^^ - 2{V^ka)J''' - ^(P» J , (3.13a) 

6V^i = ^aV^,, + 2{Via)M^^ + 2{Vla)Ju + \iV^,a) J , (3.13b) 

where the transformation parameter a is real unconstrained, and M^^, Jjj and J 
denote the Lorentz, SU(2)ij and U(l)j? generators respectively, see |3] and Appendix 
|X]for more details. The super-Weyl transformations of the torsion and the curvature 
are given in [3] . The field strengths of the vector multiplet W and the tensor multiplet 
G*-' transform as primary fields, 

5^W = aW , (3.14a) 
5^G'^ = 2aG'^ . (3.14b) 

The composite reduced chiral superfield fl3.12p transforms as the vector multiplet field 
strength. 

In A" = 2 supergravity, one of the two conformal compensators is usually a vector 
multiplet W (see, e.g., [21] for more details), W ^ 0. Usually, the super-Weyl invari- 
ance is fixed by imposing a condition on W. Specifically, one may use the super-Weyl 
and local U(l)/j freedom to impose the gauge condition 

W = l. (3.15) 
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This amounts to switching off the spinor U(1)r connections, 

<l>L = $f = 0, (3.16) 
along with certain restrictions [HI [3] on the torsion, namely 

= , S'^ = S'^ , (3.17) 

as well as identifying the torsion with the U{1)r vector connection 

Gap = ^af^- (3-18) 

If the second conformal compensator is a tensor multiplet G*-', with ^ 0, we 
may instead choose this multiplet to fix the super- Weyl gauge freedom. Specifically, 
we may use the super- Weyl gauge freedom to impose the condition 

= ^G'^Gij = 1 . (3.19) 

This fixes G^^ to be a unit isovector subject to the tensor multiplet constraints (11. 6p . 
Actually, these constraints are sufficient to enforce that G^^ is covariantly chiral and 
antichiral. To prove the former, note that (II. 6p is equivalent to 

KGjk = lsip^Gk)m . (3.20) 

It follows that 

G.piG^ = G,G-Vifl.,^lG^ViG,. (3.21) 

When we set = 1, (I3.2ip must vanish, which in turn implies that (I3.20p must 
vanish as well. Because G^^ is real, we may conclude that it must be both chiral and 
antichiral in this gauge. 

These conditions have a number of interesting consequences for the superspace 



geometry. In accordance with (]A.3ap . the consistency condition for G*^ being chiral 
reads 

= {Vl P^jG'^' = 2ea0e'^S"'''JmnG''' + AY^fsf^G^' . (3.22) 

This condition and its conjugate imply 

Ya0 = O, r.^ = ; (3.23) 
S'^ oc G'^ , S'^ oc G'^ . (3.24) 
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Because Yaf3 vanishes, S^^ is now completely antichiral 

V^^S'^ = , (3.25) 
due to the dimension-3/2 Bianchi identities flA.9p . We conclude that 

S^^ = -^G'^ , S'^ = -(j)G'^ , (3.26) 

where is some chiral scalar. 

Furthermore, in accordance with eq. (lA.3bp . the consistency condition for G^^ 
being both chiral and antichiral reads 

= {P;, Vp^}G^' = -2t5p^^G^' + SG^^ JjG^' - Ai5iG^p^r.G^' . (3.27) 

This implies 

Gad = , (3.28) 

as well as 

V^^G'^ = AG^'^IG^^ . (3.29) 

This last condition is quite interesting. If we now use the SU(2)r gauge freedom to 
fix G*-^ to a constant unit isovector, we find 

-2$„,^(^G? = AG^2 (3.30) 

which implies that the vector SU(2)/j; connection is — 2G^^ up to terms which are 
proportional to G*-'. 

Thus we have some rather interesting structure^ Imposing the super- Weyl gauge 
f l3.19p eliminates G^d and Y^/?, as well as implying the relation f l3.26p for chiral (j). 
In fact, the field (f) is actually reduced chiral. Making use of the algebra of covariant 
derivatives as well as the dimension-3/2 Bianchi identities (lA.9p . one may show that 
(in this gauge) 

VijS^^ - V,,jS^^ = -AS.jS''^ + AS'^^S.j . (3.31) 
Contracting with Gki/'i gives 

V,j(j) - V,j^ = -AS.jcj) + 45i,-0 (3.32) 



^An analogue of the super- Weyl gauge p.lQp naturally occurs in A/" = 3 and A/" = 4 supergravity 
in three dimensions |35) . Implications of such a gauge fixing are highly nontrivial in the case of 
H = A supergravity. 
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which shows to indeed be reduced chiral. 

This formulation allows us to show that fl3.12p is indeed f l3.10p and that this is 
reduced chiral. Equahty follows since both expressions have identical super- Weyl 
transformation properties and reduce in the gauge = 1 to 

W = -]^SijG'^ = 4> . (3.33) 

Moreover, since (j) is reduced chiral, both f l3.10p and fl3.12p must be as well, since W 
changes as a primary field under the super- Weyl transformations, 

6„W = aW . (3.34) 



4 Self-interacting tensor multiplets 

The improved tensor multiplet is the unique super- Weyl invariant action available 
which involves a single tensor multiplet. In the case of several tensor multiplets G\'^ , 
we can consider a locally supersymmetric and super- Weyl invariant action generated 
by the Lagrangian 

£++ = G++-^^(G++) , (4.1) 

where J-'^ is a homogeneous function of degree zero, J^^{cG^^) = J-'^{G^^). This 
Lagrangian is simply a superposition of several terms of the form (12. 4p . Associated 
with this Lagrangian are reduced chiral superfields 

= — / v'dvi({V-y + AS^~]t'^{GI+) . (4.2) 

Evaluating the derivatives on J^^ is a nearly identical procedure to what we considered 
in the previous section with a single tensor superfield. It is straightforward to find 

= i-F^'^MB + ^BXh , (4.3) 

where Xb are defined as in fl3.6ap and fl3.6bp . with G*-' replaced by G^, and 
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It is worth noting that the second of these expressions can be written as 



. = r:—^ . (4.6) 



The reduced chiral superfield (14.31) was first constructed a few years ago by de Wit 
and Saueressig [30]. They considered J^^'^ as a general function obeying certain 
consistency conditions and defined J^^'^''"ij via (14.61) . Here we will show that their 
consistency conditions are indeed satisfied by the construction (14. 4p . 

The first set of consistency conditions are 

-cA,B,C _ -cA,C,B jk -cA,B,C D _ n. ( A 7\ 

■J ij ij 1 t J ij kl U I J 

and it is very easy to see that these are satisfied by (14.51) . The first of them is trivial, 
while the second follows from 

and the property that e^^VjVk = 0. 

The second set of conditions, required for the superconformal case, ar^ 

:f^^^^^.,g's = --F^'^ , (4.9) 

-^^''''^.(.GcJ) = . (4.10) 

The first of these follows from the fact that J^^ is a homogeneous function of degree 
zero and so 

G++ = 0. (4.11) 



Taking a derivative with respect to Gj^, we find 



Then (14. 9 p follows since 



nG^i ^ ^ £ ,M,,, Gi^^^g^ - (4.13) 



^ These were originally written in [301 as a single equation, but here we will consider them sepa- 
rately. 
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using fl4.12p . To prove fl4.10p is a little trickier. One may begin by introducing a fixed 
isotwistor Ui and writing the condition as m'm-' J^^^^'^kiGcj = 0. Then we note that 



u 



++ 



ij/^Mv.ufG--^^^ 

(4-14) 



The right-hand side is a total contour derivative and so it must vanish, which implies 

dHUD. 



5 Adding 0{2n) multiplets 

In this section we construct reduced chiral multiplets out of 0{2n) multiplets. 

5.1 The case of a single 0{2n) multiplet 

We consider next a more general projective Lagrangian of the form 

0(2") o(2") 

where Q^^") is a real covariant 0{2n) multiplet |3] having the functional form 

and obeying the analyticity constraints 

p+Q(2") =p+g(2") =0 . (5.3) 
We note that Q^"^^ = is a tensor multiplet. 

The reduced chiral superfield which we construct from (15. ip is 

Expanding this out gives 



^jMn,[(V-Y^iS-)[^-^] . (5.4) 



1 / J(p-)2Q(2n) p-g(2n)pa-(j++ 

— (h V dvi < '. 2n- 



\n+l 



-K Jc \ {G++Y (G^ 
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As before, it turns out that all of the explicit m- dependence in this expression can 
be removed using the analyticity properties. For a general 0{2n) multiplet, it is a 
straightforward exercise to show that 

^^Q^^"^ = ^e^^ (5.6a) 
\2n + lJ 

where 

^a{2n^l) . . . v^^^_^ , (5.7a) 

^(2n-2) _ (Vj, + 4{2n+l)Sjk) Q"'''-''-'Vi,---Vi,„_, . (5.7b) 

These are, of course, generalizations of equations in subsection 13.11 involving the 0{2) 
multiplet G^~^. We will need those other results, too. Applying these relations, we 
find 

1 / f2n-lH(2n-2) g^2 ^{2n-l)^+ 



TT Jc [2n + l (G'++)" 3{2n + 1) (G'++)"+i 

n - 4n(n + l) Q^^") ] 

3 (G++)"+i 9 (G'++)"+2 J ' ^ ^ 

where we have again eliminated a total derivative term 

Now we apply eq. flD.201) to each of the four terms in (15.81) . The result is a rather 
unwieldy expression: 

^ _ (2n)! J n ^'^■■'^"-^G'(,i,,.---G'i,„_3,,„_,) 



' n 



22n+l (^1)2 I 2{2n + 1) G2n-1 

3(2n + 1) ^2"+! 



12 G2n+1 

, n(2n + l) Q^^-^^"X^^"+^X^^"+^g(ni2---g.2„+..2„+2) , ..^ 
+ G^3 } ■ (5.lUj 

However, as with the improved tensor action, there is a simpler, more compact ex- 
pression which is equivalent to this one: 

(2nV 

Wn = - 22.+2(,Vl)!(n-l)! ^ + ' ^^-^^^ 
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where 

= {^ki - ^2G''G,!^ Q'^"--^--G,,,., ■ ■ ■ G.,„.3.,„_,G-^" . (5.12) 

The expression for has an overall structure quite similar to the improved tensor 
action result f l3.12p . except the argument 7^^ of the derivative is much more compli- 
cated. 

Thankfully, many of these complications may be easily understood. The factor in 
parentheses in fl5.12p is simply an orthogonal projector on the ij indices; it ensures in 
particular that if we choose Q^^"-) = (G~^~^)"', we get W„ = 0, which follows trivially 
from the contour integration. Furthermore, a nontrivial check on the combinatoric 
factors of flS.lip can be made by considering the replacement — )■ 
under which we ought to find W„ — )■ W„_i. (This is obvious by considering the 
original expression (15.41) for W„.) This is a straightforward combinatoric exercise, the 
most difficult step of which is to make the replacement in (I5.12p of Q'='*i ' *2n-2 ^jth 



2n^ 



n 



T\ V J 



^ [n- l)(2n-3) 

Q{i2n-3i2n-2 Qil---i2n-4,) kl ^ j^g^ 



The first term vanishes when contracted with the orthogonal projector. The second 
and third terms, when contracted with G(^i^i^ ■ ■ ■ G i2n-3i2n-2)G~'^'^ s^'^ 

^^^gHn-.2„-4G^^^^^ ■ ■ ■ G'.,„_3.2„.4)G'-^("^^) (5.14) 

the numeric prefactor of which is exactly right to convert the expression for W„, to 
that of W„_i. 

Our 0{2n) muhiplet Q^^n) 

may be an independent dynamical variable. If n > 1, 
it may be chosen instead to be a composite field. For instance, we can choose = 
Q{2m) Q{2n-2m) ^ with Q^"^^ and Q(2n-2n^) ^^.^^ ^^2m) and 0{2n - 2m) multiplets 

respectively, m = l,...,n— 1. Another option is to realize Q{2n) as a product of n 
tensor multiplets H^'^ , 

Q(2«) = . . . . (5.15) 

In the case n = 2 choosing Q*^^) = [H^'^Y leads to the Lagrangian 

C^^ = (5.16) 
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which is a curved-superspace version of that proposed in [361 EZ] to describe the 
classical universal hypermultiplet [38]. Using that result, we have 

^£v^dv, (p-f + AS--) (1^)' = -^(A, + ^S,,)TVi , (5.17) 

where 

-^i = ^ {^4 - ^G^'Gk^j H^'^H-^-^Gmn . (5.18) 

In the simplest case case n = 1, Q*-^-* = H^^ we get 

Wi = ^£v^dv. [{V~f + 4^-)!^ = -^(A, + 4^.,)7^i^■ , (5.19) 

where 

7^i^ = ^ (i/^^' - G^'^) , G-H:= \g^'Hui . (5.20) 
The reduced chiral scalar Wi is such that 

j d^xd^0£ Wi + c.c. = , (5.21) 
as a consequence of the identity (see eq. (4.61) in [9]) 

j v'dvi j d^x d^^ d¥ E -^^H^^ = • (5.22) 

5.2 Generalization to several 0{2n) multiplets 

We consider next a more general projective Lagrangian constructed out of a set 
of 0{2nA) multiplets Q^"'*^ and at least one tensor multiplet G~^~^, specifically 

£++ = G^+J^iaf"^^) . (5.23) 

The function J-" is required to be a homogeneous function of degree zero in v^; this 
implies 

This construction is a generalization of that presented in Section HI which involved 
only 0(2) multipletsH 

■^In Section 21 an index A was placed on the function T and the tensor muhiplet G~^^ in the 
corresponding construction ()4.ip to match the notation in [30^ . Here we leave such an index off and 
consider only a single function T for simplicity. 
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The reduced chiral superfield which we construct from (15.231) is 

W = — / v'dv, {{V-f + 45— . (5.25) 
9,11 Jc ^ / 

Expanding this out and applying (I5.7ap and (I5.7bp gives 



where 



•^^ii-i2„.-2 ■=ZZ f ^''dwfc —j^Vi, ■ ■ ■ Vi^„^_, , (5.27) 



are both totally symmetric in their isospin indices, and fjA and Ha are as defined in 
(I5.7ap and fl5.7bp respectively, with Q replaced by Qa- It is worth noting that the 
second of these expressions can be written 

-pAB _ »l-»2n^-2 , s 

^ n-«2n^-2Jl-J2nB " h-j2„g ' {0.^\J) 



6 Discussion 



In this paper we have proposed a construction to generate reduced chiral super- 
fields from covariant projective multiplets, including tensor multiplets, 0{2n) mul- 
tiplets, etc. It is given by the relation (12. lip . In conjunction with the standard 
construction to derive M = 2 linear multiplets from vector ones, eq. (II. 9p . we are 
now able to generate nontrivial higher derivative couplings. For simplicity, we illus- 
trate the idea by considering models with vector and tensor multiplets. 

We can start from a system of tensor multiplets ^ where A = 1, . . . ,n, and 
introduce a function J^tcnsoriG'^'^) which is homogeneous of degree zero, 

Ga tensor = . (6-1) 

OLta 

Then the following superfield 

W = ^ £v'dVi(^{V~)^ +AS-^J^tensor{G\+) (6.2) 
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is reduced chiral, in accordance with the consideration in section 2. 

As a next step, we consider two types of reduced chiral superfields Wj and Wj. 
Here Wj is the field strength of a physical vector multiplet, while W/ is a composite 
field strength of the form f l6.2p . We introduce a function J-'chirai(W/5 Wj) which is 
homogeneous of degree one 



Then the superfield 



i((P+)2+4S++)j-ehiral(H^/,Wj) + C.C. (6.4) 



is an 0{2) multiplet. 

Now, the two procedures described can be repeated. We can consider two types 
of 0{2) multiplets, tensor multiplets G\'^ and composite ones G^^ by the rule (16. 4p . 
We next pick a function of these multiplets, ^0(2) (Cj^^, ^3-i^), which is homogeneous 
of degree zero, 

^ B 

Using this function, we generate the following reduced chiral superfield 



in 



W=—f v'dv,[iV-y + AS'~)To(2)iG^'',Gy) . (6.6) 

c 



Next, we can make use of this reduced scalar to derive new linear multiplets, and so 
on and so forth. 

Each of the two constructions employed adds two spinor derivatives (or one vector 
derivative). This differs from a more traditional way (see, e.g., [11] and references 
therein) to generate higher derivative structures using the chiral projection operator 
A, eq. flB.4p . We recall that given a scalar, isoscalar and U(l)i^-neutral superfield 



U{z), which is inert under the super- Weyl transformations, its descendant AU has 
the properties 

JAU = -AAU , VfAU = , S^AU = 2a AU , (6.7) 

where 5aAU denotes the super- Weyl variation of AU . Given a vector multiplet W 
such that W is nowhere vanishing, we can define the chiral scalar W~'^AU which is 
neutral under the local U(l)ij and the super- Weyl transformations. The latter super- 
field can be used to construct an antichiral superfield of the form W~'^A{W~'^AU), 
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which is neutral under the local U(l)i? and the super- Weyl transformations, and so 
on and so forth^ 

Using these chiral operators, one may construct higher derivative actions involving 
chiral Lagrangians. However, it is usually possible to convert the chiral Lagrangian, 
which involves an integral over the chiral subspace, into an integral over the whole 
superspace by eliminating one of the chiral projection operators. Schematically, if 
Lc = $Af/ for some chiral superfield $ and a well-defined local and gauge- invariant 
operatojft/, then 

' d'^xA'^eS^AU = j A'^xA^OA^OE^U . (6.8) 

Thus, higher derivative actions of this type are invariably most naturally written as 
integrals over the entire superspace and are not intrinsically chiral. This has impor- 
tant ramifications for perturbative calculations, where non-renormalization theorems 
place strong restrictions on intrinsic chiral Lagrangians. 

The constructions we are considering are interesting partly because they are higher 
derivative terms which cannot be written as full superspace integrals, at least not 
without introducing prepotentials. As an example, let us choose the Lagrangian 
in (O as £++ = G++ J'o(2)(G';i+, G++), where G++ is given by eq. ([631). Upon 
integration by parts we get 

I = — (( v'dvi [ d^x d^^ d^e E Vt , (6.9) 
2vr Jc J S++ 

where we have defined the composite Lagrangian 

n(W^7,Wj,G'++,Gt+) := J-chiral(W^7,Wj)J-o(2)(G++,Gt+) . (6.10) 

The specific feature of this Lagrangian is that it obeys the single constraint 

VXn = {). (6.11) 

Although we have written ( 16. 9p as an integral over the full superspace, this is really 
the locally supersymmetric generalizatioiij of the globally supersymmetric action 

/rigid = / ^'^^^ / {D-fD^^ , D+^l = , (6.12) 

^This is a generalization of the construction [3 9) of rigid superconformal invariants containing 
F", with F the electromagnetic field strength. 

^It is important to assume that [/ is a well-defined local and gauge-invariant operator and not, 
for example, a prepotential; else, any chiral action may be rewritten as an integral over the full 
superspace in this way. 

^This way of writing Lagrangians over subspaces in terms of the full superspace is familiar from 
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where the spinor derivatives may be understood as arising from an integration over 
six Grassmann coordinates. For a large class of such Lagrangians, this action cannot 
be rewritten as an integral over the whole superspace of eight Grassmann coordi- 
nates without the introduction of prepotentials. As with M = 1 theories, this has 
implications for non-renormalization theorems. 

We should point out that special holomorphic three-derivative contributions to 
M = 2 supersymmetric Yang-Mills effective actions, which are given as an integral 
over 3/4 of superspace, have been discussed in the literature |13] . 

The results of this paper allow us to obtain a simple form for the projective- 
superspace action [2] of the minimal formulation for TV = 2 Poincare supergravity 
with vector and tensor compensators [31]. Using the techniques developed, the gauge- 
invariant supergravity action can be written as 

^SUGRA = j ci^a;d^^^|w - ^ly^^m^iy} +C.C. 

= j d'a;d'e^{w- ^W^'} +C.C. + d^xd^O d^O E G'^Vij ,(6.13) 

where k is the gravitational constant, m the cosmo logical constant, W is given by 
eq. fl3.12p . and Vij is the Mezincescu prepotential (IE. 70 . Within the projective- 
superspace approach of [H [21 E], this action is equivalently given by (12. 2p with the 
following Lagrangian 

^^uW = In - \V + mV , (6.14) 

with V the tropical prepotential for the vector multiplet, and a weight-one arc- 
tic multiplet (both T+ and its smile-conjugate T"*" are pure gauge degrees of free- 
dom). The first term in the right-hand side of fl6.14p is (modulo sign) the locally 
supersymmetric version of the projective-superspace Lagrangian for the improved 
tensor multiplet constructed in [5]. The fact that the vector and the tensor multi- 
plets are compensators means that their field strengths W and G^^ should possess 
non-vanishing expectation values, that is 7^ and G = ^ ^G^^Gij 7^ 0. These 

M = 1 superspace, where there are two ways to write chiral actions, either as an integral over the chi- 
ral subspace [40] , / d'* a; £ >Cc , or as an integral over the full superspace [HI |42] ,/ d'^x (P9 (PO^jCc- 
Eq. (|6.9p is analogous to the second of these forms, and so is the projective action (I2.2p . The locally 
supersymmetric version of (j6.12p , analogous to the first form, has not yet been written down within 
the approach of [H [U [3] . 
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conditions are consistent with the equations of motion for the gravitational superfield 
(see [M] for a recent discussion) 



G-WW = 0. (6.15) 

The equations of motion for the compensators are 

E++-mG++ = 0, (6.16a) 
W + mW = 0. (6.16b) 

A remarkable feature of the supergravity action (16.131) is that its reduction to 
component fields can readily be carried out using the technique developed in 



If the multiplet of conformal supergravity is considered as a curved superspace 
background, the action fl6.13p describes (modulo sign) a massive vector multiplet or 
a massive tensor multiplet |2j. The rigid superspace limit of fl6.13p was introduced 
for the first time by Lindstrom and Rocek using Af = 1 superfields [32]. Their 
construction was immediately generalized to A/" = 2 superspace [27] as a simple 
extension {DijC^ — t- W) of the massive Af = 2 tensor multiplet model proposed 
earlier by Howe, Stelle and Townsend [20]. More variant models for massive M = 2 
tensor multiplets can be found in [45] . 

The super- Weyl gauge freedom of fl6.13p can used to fix G = 1. The geometric 
implications of such a gauge fixing have been spelled out in subsection 13.21 Since 
W 0, the local U(l)i? freedom allows us to impose the gauge W — W = 0. 

The supergravity theory with Lagrangian ( 16.14^ possesses a dual formulation de- 
scribed solely in terms of a chiral scalar \1/ and its conjugate ^ [2]. Using the tech- 
niques developed in the present paper, the dual formulation can be written as 

^suGRA = ^ j d^xd''es[<ilW+^fi{fi + ie)^^}+c.c. , (6.17) 

where = /i^ + e^, with fi ^ 0. Here \1/ and its conjugate ^ are the only conformal 
compensators. The action is super- Weyl invariant, with \1/ transforming as 

= , (6.18) 

in spite of the presence of the mass term. Unlike common wisdom, we see that J\f = 
2 Poincare supergravity can be realized without a compensating vector multiplet 



^The vector multiplet has been eaten up by the tensor multiplet which is now massive. The vector 
compensator acts as a Stiickelberg field to give mass to the tensor multiplet. This is an example of 
the phenomenon observed originally in [35] and studied in detail in [371 |3H1 [501 1511 133 [H [S2] . 
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The complex mass parameter in fl6.17p can be interpreted to have both electric and 
magnetic contributions which are associated with the two possible mass terms B A*B 
and B AB for the component two- form B (see, e.g, [19] for a pedagogical discussion). 

The action fl6.17p leads to the following equation of motion for ^ 

W + ^/i(/i + ie)* = . (6.19) 

Provided eq. (16.191) holds, the equation of motion for the gravitational superfield is 

G'-/x2M = 0, (6.20) 

compare with (16.16bp . The latter implies that \I/ is nowhere vanishing on-shell. We 
therefore are allowed to impose the super- Weyl gauge G = 1 and fix the local U(l)ij 
symmetry as \E' — ^' = 0. 
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A Geometry of conformal supergravity 

This section is taken essentially verbatim from [3]. 

We give a summary of the superspace geometry for A/" = 2 conformal supergravity 
which was originally introduced in [H], as a generalization of |T7], and later elaborated 
in [3]. A curved four- dimensional J\f = 2 superspace Ai"^^^ is parametrized by local 
coordinates z^^ = (x*", 6'f, ^^), where m = 0, 1, ■ ■ ■ , 3, /i = 1, 2, /i = 1, 2 and « = 1, 2. 
The Grassmann variables 6'f and are related to each other by complex conjugation: 
W = of"'. The structure group is SL(2, C) x SU(2)r x \J{1)r, with Mat, = -M^a, 
Jij = Jji and J be the corresponding Lorentz, SU(2)^ and U(l)/j generators. The 
covariant derivatives Va = {'Da,T>l^,'Df) = {T>ai'Dg_-,T)—) have the form 

= Ea + ^A^^ Mp^ + nA^'< Mp. + Ju + i $A J . (A.l) 

Here Ea = Ea^Om is the supervielbein, with Dm = d/dz^'^ , ^a"^ is the Lorentz 
connection, (^a^^ and $a are the SU(2)r and U(l)ij connections, respectively. 
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The Lorentz generators with vector indices (Mab) and spinor indices (Mq,^ = M/^a 
and M^jj = Mg^,) are related to each other by the standard rule: 

Mab = {cTabT^M^^ - {dabf^M.p , M^p = i(a"^)„^M,fc , M.^ = .^M,, . 

The generators of the structure group act on the spinor covariant derivatives as fol- 
lowsjfl 

[I V^J = Vl^ , [I Vt] = -Vf , (A.2) 

Our notation and conventions correspond to [53] . 
The covariant derivatives obey the algebra 

+2e^pe'^S^'Jki + AY^pX^ , (A.3a) 
+8Gjrj - Ai5]Gj''Khi - 2{5]gJ + iG/y J , (A.3b) 

[V,,V'p] = -i{dar[5iGp^ + iGp^h)v'; 



1 



+ ^-Rjp"'M,, + Rjp^'Jki + iRJp J . (A.3c) 
Here the dimension- 1 components of the torsion obey the symmetry properties 

S'^ = S^\ Y^p = Yp^, W^p = Wp^, G^^=G^' (A.4) 
and the reality conditions 



S^i = S,, , Waf, = W^p , Y^p = Y.^ , Gp^ = G^^ , Gp^^i = G^^,,. (A.5) 
The U(l)ij charges of the complex fields are: 

J S'^ = 2S'^ , J = 2Y^p , IW^p = -2W^p , J = -2W . (A.6) 



^The (anti)synimetrization of n indices is defined to include a factor of (n!) ^. 
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The dimension-3/2 components of the curvature appearing in f lA.3cP have the follow- 
ing explicit form: 



Ra'pcd = -i(ad)/T4 + i(aj/r,4 - i(a,)/T,4 , (A.7a) 

+^£^'('=I)(„,G;3)a')^ + le^fse'^'^VlGsa'^'^ , (A.7b) 

= —l^pGaa + {akG p)^^ + ■^SapT^J.G^J'^ . (A.7c) 

The right-hand side of flA.Tap involves the dimension-3/2 components of the torsion 
which are expressed in terms of the dimension-1 tensors as follows: 

T„4 = {<yaX^%A - i^abn^' , (A.8a) 

Ta^^ = -^"^^^0/3 + g^laG*/?)!^' ' (A. 8b) 

= -\^W^, - ^^7(^^,3).^'' - '^^iia-DlGs,)"^ . (A.Sc) 

The dimension-3/2 Bianchi identities are: 

= , V^^S^''^ = iV^^'GpJ^'^ , (A.9a) 

'D'^W^. = , (A.9b) 

V\^Yp^) = , Vl^S,, + V^^Yp^ = , (A.9c) 
' G 



T^lGm''^ = , (A.9d) 



= -\f>^^a, + ^.pV^^S^'^ - \e^,V^%, - ^ea,V]G^^^^ .(A.9e) 



B Chiral projection operator 

Actions in A/" = 2 supergravity may be constructed from integrals over the full 
superspace 



d^a;d^^d^^E£ (B.l) 
or integrals over a chiral subspace 

d'^xd^eSC,, Pf£, = (B.2) 
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with £ the chiral density. Just as in A/" = 1 superspace, actions of the former type 
may be rewritten as the latter using a covariant chiral projection operator A |18j . 

j d^x d^^ d^0EC = j dS d^d £ AC . (B.3) 

The covariant chiral projection operator is defined as 

= ^ (V,,i&^ + IQS'^) - V.^iV^^ - 16?'^^)) . (B.4) 

Its fundamental property is that AU is covariantly chiral, for any scalar, isoscalar 
and U(l)R-neutral superfield U{z), 

VfAU = . (B.5) 

A detailed derivation of the relation ( IB. 31) can be found in [9]. 

It follows from the explicit structure of the chiral projection operator that 

j d^xd^^d¥E$ = , (B.6) 
for any covariantly chiral scalar $ of zero U{1)r charge, = J$ = 0. 



C Isotwistors and projective superspace 

In this paper, our isotwistor notation and conventions differ slightly from those 
adopted in [H El |3] , but agree with those used in [5l] . 

Associated with any completely symmetric SU(2) tensor V^^'"^" = V"*^*^'"*"-* is a 
superfield V^"'^ obeying 

yH = v''-'-v,,---v,„ , (C.l) 

with the {n) superscript referring to the degree of homogeneity in the isotwistor 
parameter Vi. We often have need to introduce an additional isotwistor Ui, which is 
linearly independent of Vi 

{v, u) = v'^Uk = e^^VjUk 7^ (C.2) 
in terms of which we may define new isotwistors 
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with degree n — 2m. For the cases of n = 1 and n = 2, we will use a more compact 
notation involving + and — : 

?/ ■ 

V+ = V'vi, V- = V'—^ (C.4) 

{v,u) 

V^^ = V'=v,v,, V^- = V^H,-^^, y- = v^o:p^ (C.5) 

\v,u) \v,uY 

Because the covariant derivatives of = 2 superspace have isospin indices we 
may identify 

VI = ikV'„ , VX = v.f>i (CJ) 

It will be useful to introduce derivative operations on the isotwistors themselves, 

d- = 7^ ^^7^- , = (v, u) v,^ (C.8) 

[V, U) OV^ OUi 

which have the properties that 

Q++y{n-m,m) _ ^y{n-m+l,m-l) ^ q y{n-m,m) _ _ ^\^y{n-m-l,m+l) ^ (C.9) 

For those knowledgable of harmonic superspace [22], the above definitions will 
seem familiar. They can be derived from corresponding objects in harmonic super- 
space by the formal replacements 

VL ■ 

The difference from the harmonic superspace definitions is that the isotwistor f * is 
not normalized, and Ui is not related to f * by complex conjugation. 



D Contour integrals in CP^ 

In this paper, we have need to evaluate contour integrals of the general form 

C^ = f^v^dv.j^. (D.l) 

In this expression is some homogeneous function of degree 2n — 2 in the 

variable isotwistor v\ degree zero in the fixed isotwistor Ui, and obeying the analyticity 
constraints 

p+^(2n-2) _ 2)+fi(2n-2) _ q _ ^ 2) 
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We further assume that the contour encloses a region where the only singularities are 
those arising from the (G"*"^)" factor in the denominator. 

Under these assumptions, the contour may be evaluated using a trick familiar 
from twistor theory. We write G'-' = ioj^'^u^^ in terms of isotwistors cj* and tu^ . Then 

= \cr^G,, = ^{co^u.r ^G = \uj^u, (D.3) 

since the reality of G*-' imphes Uj = (uj^)*. So long as G is nonzero, and 
are linearly independent isotwistors, in terms of which the contour integral may be 
written 

where 

u;+ = c<;*fj, u;+ = w'fj . (D.5) 

The pole in the contour appears when either or vanishes - that is, when either 
oc cj* or a)*. Because G 7^ 0, these poles are distinct and we can consider their 
residues separately. 

Without loss of generality, we will restrict to the case where the contour encircles 
w*. The nth order pole may be converted to a first order pole using the relation 

where 

9 - - (D.7) 

(f , u) ov^ 

(f,M) 

and applying integration by parts. To do this, we first rewrite the contour integral 
using ( ID. 61) : 

/_iyn-l r 1 / 1 \ Q(2n-2) 

Next we would like to flip each of the d operators off the pole. For this step to 
be valid, we must check that the total derivative terms actually do vanish. Each of 
them has the form 



v'dvi d—T (D.IO) 



c 
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where T = J^{v,u) is a function of degree zero in the isotwistors and Ui sepa- 
rately. Because of the homogeneity property, we may trade f * and Ui for projective 
coordinates ( and C, where 

with J-' depending only on ( and ^, and the contour integral rewritten as 

v'dvid—J^=(fdCd^J^=(fdtCd^J^, (D.12) 
c Jc Jc 

where in the second equality we have parametrized the contour with a real variable 
t. Because Ui is fixed, ^ is independent of t and the integrand is a total derivative in 
t, so the contour vanishes. 

Noting that the operator d annihilates cu", the term generated by integrating 
by parts i^ 

In evaluating the d 's on their argument, we would like to eliminate all terms coming 
from d hitting the factors in the denominator. This is possible if we choose 

Ui = Uf. 

1 / v'dVi /(a— )"-lfi(2n-2)' 



C 



(n-l) 



r n_dnr!^] (D 14) 

Jc UJ+ V icu-)"-'iicu+r J u,=o, • ^ ■ ^ 



Having reduced our expression to a first order pole, we now apply the residue 
theorem. Given a contour integral 

"'^-F-W. (D.15) 



C ^^Vj 

with J-"" a homogeneous function of of degree —1 which is nonsingular at oc w*, 
we may rewrite it in terms of the inhomogeneous coordinate ( = v-/v-. If we exploit 
the freedom to choose v- = w-, then 

v' = wHl,C) ■ (D.16) 

This leads to 

/ .f.^ J^'iwHhO) = 2^i7~{uj^) . (D.17) 
Jc — + (, 

^There is a subtlety in this procedure, d annihilates l/uj~ only if Ui is chosen to be linearly 
independent of w^. This is analogous to functions of a single complex variable where d {z — zq)~^ = 
only for z ^ zq. 
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We have assumed the contour to be evaluated in a counterclockwise fashion, but in 
principle the opposite sign may also arise. 

Applying this result to ( ID. 141) gives 



27ri /(a— )"-l^](2n-2) 



{n - 1)! V 

The terms in the denominator may be simplified by noting that 

co^ = -2G, CO- = 1 



giving 



""-Jc 'iG++r (n-l)!(2G)« ' ^ • ^^-^^^ 



Vi=U]i,V'=Ul' 



For the cases of interest to us, il^'^^'^ is of the form • • -Vi^^. Then d 

may be evaluated explicitly to give 

(-iV(2iV 

= ^ ■ ■ ■ (D.19) 

where we have taken = and Ui = Ui. This gives our main result 

Cn = -^271-1 (^^ 1 lyj^^ *''""''<^(ni2 ■ ■ ■ <^i2n-3i2u-2)G' (D.20) 

E Prepotential formulations for vector multiplet 

Within the projective-superspace approach of [H El E], the constraints on the 
vector multiplet field strength W can be solved in terms of a real weight-zero tropical 
prepotential [8] as in eq. (II. 4p . Here we use this construction to introduce a 

curved-superspace analogue of Mezincescu's prepotential [19j. 

First of all, let us show how Mezincescu's prepotential for the vector multiplet 
can be introduced within standard superspace. For this a simple generalization of the 
rigid supersymmetric analysis in [20] can be used. One begins with the first-order 
action 

S = ^j d^xd^^£>VW + ^ j d^xd^esww 

-^Jd^x d^9 d¥ E (w{V'^ + 4:S'^)Vij - + 4:S'^)Vij^ , (E.l) 
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where W is a covariantly chiral superfield, and V^^ = V^^ is an unconstrained real 
SU(2) triplet acting as a Lagrange multiplier. Varying (lE.ip with respect to Vij gives 
W = W, where W obeys the Bianchi identity (11. ip . As a result, the second term in 
(IE. II) drops out and we end up with the Maxwell action 

S=- [ d^xd'^eSWW . (E.2) 



2 , 

On the other hand, because the action (lE.ip is quadratic in W, we may easily integrate 
W out using its equation of motion 

W = iWB , Wb := ^A(V'^ + 4S'^)Vi.j . (E.3) 



This leads to the dual action 



S = l I (^xd^'eSWoWB ■ (E.4) 



2 

The dual field strength Wb must be both reduced chiral and given by (IE. 30 . 

We now show how to construct the Mezincescu prepotential Vij within projective 
superspace. One begins with the expression for W in terms of a weight-zero tropical 
prepotential V{v^), eq. (II. 4p . The analyticity conditions on V may be solved in terms 
of an unconstrained isotwistor superfield U^~^^ (see [Ij for the definition of isotwistor 
superfields), which is real under the smile-conjugation, as follows 

V = ^ ((P+)2 + 45++) ((I)+)2 + 45++)w(-^) 

= ^ ((I?+)2 + 45++) (^{V+f + 45++)w(-^) . (E.5) 

Using this construction, one may write W, using the results of [H], as 

W = ^ ^ v'dvi(^(p-y + 45—) ((P+)2 + 45++) ((I)+)2 + 45++)w(-^) 

= — / v'dvi ({V+f + 45++ V^"'^ (E.6) 
where A is the chiral projection operator (IB.4p . This may subsequently be rewritten 



= -A(^P^^ +45*-')v^ij- , (E.7) 
where we have defined the Mezincescu prepotential 

V^j = v'dVkViVjU^-^^ . (E.8) 

Jc 
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This construction for W is manifestly chiral due to the appearance of the projection 
operator. To prove the Bianchi identity, one may start with ( II. 4p and replace the 
dummy integration variable f * — {)* and rewrite the expression for W in the form 



(E.9) 



does not depend on the constant isospinor Wj, we can choose it 

(E.IO) 



Since this expression 

as Ui oc Vi, and then the last expression turns into 



W 



We now can check the fulfilment of the Bianchi identity 



V{v) 



[(V+f + 45++) W - ((p+f + 4^++) W 
\v+f + AS+^,{V^f + AS- 



c 87r(t),w)- 



(E.U) 



T 



Since T is a Lorentz scalar and is neutral under U(l)/j, we find 



{V++f + AS++ ,{V++f ^ AS- 



T = 8(I?"+5++)r'+T - 8(I?+5++)I?"+T 
+ 8i(r'"+G++)P"+T + 8i(:D"+G++)I?°+T + 4 ({V+fS^^ - {V+fS^^^ T (E. 12) 

vanishes when we apply some of the constraints ( lA.Op . 

= ^P"G++ , P+S++ = iV'^Gll . (E.13) 

and make use of the algebra of covariant derivatives ( lA.SI) to show 

(p+fS++ _ (p+fs++ = «{!)"+, :P"+}G++ = . (E.14) 
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